All algebras considered are assumed to be finite dimentional but not necessarily associative. If A is an algebra we denote its group of algebra automorphisms by Aut (A). An algebra A is said to be homogeneous if Aut (A) acts transitively on the set of one dimensional subspaces of A. The reader is referred to a paper by one of the authors [3] for a discussion of arbitrary homogeneous algebras and a bibliography of the related literature. The purpose of this paper is to determine the structure of all three dimensional homogeneous algebras.
Throughout this paper we assume that A is a nonzero three dimensional homogeneous algebra. Such algebras can be divided into four types in the following way. Let a be any nonzero element of a and let (a) denote the algebra generated by a. Then the four types are as follows: Type 1. a 2 = 0 Type 2. a 2 = Xa, X a nonzero scalar Type 3. dim <α> = 2 Type 4. dim (a) = 3.
We now investigate each type separately. Type 1. a 2 = 0. Since a 2 = 0 the homogeneity condition implies that x 2 = 0 for all x 6 A and this implies that A is anti-commutative. Clearly A is not a quasi division algebra and so it follows from the results of Shult [1] and Gross [2] that the underlying field K must be infinite.
Let a be any nonzero element of A. Suppose we can find a nonzero be A, b ΦXa such that If λ 2 = 0 then tr L a = 0 (see [3] ) implies that L a is nilpotent. But then the homogeneity condition implies that L x and R x are nilpotent for all x and so A is a special nil algebra. Since K is infinite we may use Theorem 2 of [4] to conclude that A 2 = 0. If λ 2 Φ 0 then extend {a, ab} to a basis for A. It is now easy to contradict the fact that L a and L ab must be protectively similar. Hence ab never depends on a and b when a and 6 are independent.
Now choose a basis a, δ, αδ for A. Then We now show that A is a homogeneous algebra under the following conditions:
(i ) -a is a nonzero square in K.
(ii) β is a nonzero square in K.
(iii) ίΓ has the property that the sum of nonzero squares is always a nonzero square (such a field is called a formally real Pythagorean field).
Let σ 6 Aut (A). By considering σ(xy) -σ(x)σ(y) as x and y run through the basis ab, a, b it is easy to show that 
and also another system of quadratic equations So if A is a three dimensional homogeneous algebra of Type 1 we can choose a basis α, 6, ab so that the multiplication table becomes 
-aβl
Then V is called a quaternion algebra with parameters a and β. We can now define a 3-dimensional algebra over K by deleting the top row, the left-most column and replacing the main diagonal of the above table with zeros. The resulting algebra is called the truncated algebra of pure quaternions.
We have shown that if A is a 3-dimensional homogeneous algebra of Type 1 over a field K then A is a truncated quaternion algebra with parameters a, -β where -a and β are nonzero squares and K is formally real Pythagorean field. It is interesting to note that all such algebras over a given field are actually isomorphic. In particular consider A 19 the usual vector cross product with basis
Suppose A 2 is a homogeneous algebra with ab = -ba = c, ac = -ca = ab, be = -cb = βa, a 2 = δ 2 = c 2 = 0 where -α and β are squares.
Define a linear map σ:
Then it is easily checked that σ is an algebra isomorphism. So we have shown that a 3-dimensional homogeneous algebra of Type 1 is isomorphic to the usual vector cross product algebra over a formally real Pythagorean field K. Type 2. a 2 = Xa, λ a nonzero scalar. In this case the homogeneity condition implies that x 2 = Xx for all x 6 A where λ is a nonzero scalar which may depend on x. Clearly A must be power associative. It was shown in [3] that K must be GF (2) . But Gross showed [1] that the only nonzero homogeneous algebras over GF (2) 
In this case (a) is a 2-dimensional subalgebra for each nonzero a in A. Fix αei~(0) and choose be A -(a). Then <α> and <δ> are two distinct 2-dimensional subalgebras of the 3-dimensional subalgebra A and so (a) Π <&> is a 1-dimensional subalgebra <c>, contradicting the first line of this paragraph. Hence there are no three dimensional homogeneous algebras of Type 3.
Type 4. dim <α> = 3. In this case we have {a} = A. We first assume that A is commutative. The either a, a 2 This implies that the field is finite and so we know that K = GF (2) and A is a commutative quasi division algebra. Now with respect to the basis a, a 2 , α (2) and A must be a quasi division algebra. In fact it follows from the papers of Gross [1] and Shult [2] that the characteristic polynomial of L a must be x z + 1. Then with respect to our basis a, a 2 , αα 2 we have Now the equations det (Ίjj a +LJ)=det (/9 2 L α + L aa z)=det L α 2=det L αα2 = det(L α2 +L αα2 ) = l imply that A=l+^=(A=%) = Cβi=fi) = (A+fi) = l respectively. Since A is a homogeneous quasi division algebra generated by each of its elements we know that each automorphism (except the identity) is fixed point free. Consider the automorphism σ for which σ(a) = a 2 . It is easily checked that this automorphism has an eigenvalue if β z -0. So we must have β 3 It is easily checked that this is a homogeneous algebra. In fact Aut(ii) is a cyclic group of order 7 generated by Since K is infinite this implies that all the coefficients must be zero. It follows that Ύ L = ξ t = A(A + α s ) = A% = 0. If A = 0 the equa-tion xy = a has no solution which is impossible in a nonzero homogeneous algebra. Hence β γ Φ 0 and β 2 = -a: 2 . If α^ = 0, then rank L a = 2 but rank (L αα 2 -tf 2 LJ < 2 which is impossible. We conclude that a γ Φ 0 and so A must be a quasi division algebra. Since (a) -A we know that no automorphism of A (except the identity) can have and eigenvalue. Now consider the automorphism σ for which σ(a) = μ(a + Xa 2 ) where X is arbitrary and μ may depend on λ. Then it can be checked that σ = Suppose char K Φ 2. If /3 3 ^ 0 then letting λ = -2/A, gives tf an eigenvalue which is impossible. Hence we must have β z = 0. But then consider the automorphism τ for which τ(α) = va 2 . It is easily checked that τ has an eigenvalue. Hence it follows that char K = 2.
We now consider σ(α 2 α 2 ) = σ(a 2 )σ(a 2 ). This gives us a system of 3 equations which can be solved to get Since the field is infinite and X is arbitrary all the coefficients of X must be zero. Considering the coefficients of λ, λ 4 , and λ 2 in that order we conclude that As before all the coefficients of λ must be zero. Considering the coefficients of λ and λ 2 we find that 7i = A(A + 1) = 0 . Now if β 2 = 0 an above equation implies that /S 3 7 2 =0. If β 3 = 0 then σ has an eigenvalue which in impossible. If 7 2 = 0 then det L a 2 = 0 which is impossible. Hence we must have β 2 Φ 0 and A = 1. But then β ί + 1 + 7 2 = 0 implies that 7 2 = 0 which again is impossible. Hence no such algebra exists over an infinite field.
We have determined all commutative homogeneous algebras of dimension 3 and Type 4. Now let A be any 3-dimensional (2) . So either A + is a zero algebra or K -GF (2) . If A + is a zero algebra then A is anti-commutative. But then we have 2α 2 = 0 and since a 2 Φ 0 this implies that char K -2. But then A is commutative and so again we have shown above that K -GF (2) . Hence the only nonzero homogeneous algebras of Type 4 exist ς>ver K = GF (2) . In such cases we know that A is a commutative quasi division algebra and so we have found all nonzero 3-dimensional homogeneous algebras of Type 4. That is, if A is a nonzero 3-dimensional homogeneous algebra of Type 4 then either A has a basis α, α 
